We explore the combined effect of the uncertainties due to the interaction potential and basis set convergence on low-temperature collisional properties of spin-polarized NH molecules in a magnetic field. We show that quantum scattering calculations with different rotational basis sets and λ-scaled interaction potentials produce qualitatively different ratios of elastic to inelastic cross sections for collision energies above 10 −3 cm −1 , leading to favorable (unfavorable) prospects for sympathetic cooling of NH molecules depending on the basis set cutoff parameter N max . The physical reason behind this effect is that the resonance widths, which determine the maximum variation of the scattering cross sections with λ, tend to depend strongly on N max . At ultralow collision energies, all basis sets produce highly uncertain (and statistically indistinguishable) elastic and inelastic cross sections; however, their ratio γ is much less sensitive to small variations of the interaction potential. Our results highlight the importance of basis set convergence in quantum scattering calculations and establish the existence of parameter regimes where unconverged calculations can still be used to make qualitatively accurate predictions of scattering observables.
Introduction
Recent experimental advances in cooling, trapping, and manipulating cold molecular gases [1] opened up a host of novel research directions at the forefront of molecular physics and chemistry [1, 2] . One such direction involves the study of molecular collisions and chemical reactions at temperatures below 1 K. At such temperatures, chemical reactions reach the quantum threshold regime, where flipping the quantum states of the reactants or applying external electromagnetic fields can have a profound effect on chemical reactivity [3] [4] [5] [6] . Barrierless chemical reactions such as KRb + KRb  K 2 +Rb 2 can be controlled by orienting the reactants with a dc electric field [3] or confining them in a low-dimensional geometry [4, 6, 7] . Atom-molecule chemical reactions which proceed through a potential barrier can be controlled by inducing tunable scattering resonances with external electric fields [8] .
The theoretical description of cold molecular collisions is a challenging problem for two reasons. First, the moleculeʼs numerous degrees of freedom (i.e. vibrations, rotations, fine, and hyperfine) are usually coupled by strongly anisotropic intermolecular interactions, making it necessary to deal with a large number of basis functions to obtain numerically converged solutions of the Schrödinger equation. Second, lowtemperature scattering observables are extremely sensitive to small uncertainties in ab initio potential energy surfaces (PESs), which implies that in order to be useful in quantum dynamical simulations, the PESs must be accurate to within a fraction of a Kelvin, the level of accuracy presently unattainable for most molecular systems. While state-of-the-art ab initio calculations can, in principle, reach the required level of accuracy [9, 10] , these calculations are presently limited to light molecular systems with low density of rovibrational states such as Rb-He  or Li-LiH.
The well-known extreme sensitivity of low-temperature scattering cross sections to the details of the PESs arises from the presence of scattering resonances, near which the cross sections can vary by many orders of magnitude. Changing the basis set can also lead to a dramatic variation of scattering cross sections, leading some authors to argue that full basis set convergence is 'not strictly necessary within the uncertainty limits of the potential' [11] . However, using restricted basis sets introduces an extra source of uncertainty, which could strongly affect the results of quantum scattering calculations [12] . As these uncertainties have not been systematically analyzed, the question of how basis set convergence interplays with potential uncertainty remains open. The goal of this work is to address this question for ultracold NH-NH collisions in a magnetic field using the standard quantum scattering methodology [12] . This methodology is based on a spherical harmonic expansion of the scattering wavefunction, which is known to converge slowly for strongly anisotropic intermolecular interactions [16] [17] [18] . The reason for the slow convergence is that the anisotropic interactions couple a large number of rotational basis states, leading to very large systems of close-coupled equations to be solved numerically [12] . A more efficient adiabatic rotational state approach (thus far implemented for molecular ion-atom reactions and collisions of polar molecules in the absence of external fields [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] ) uses basis functions that take into account the alignment of molecular dipoles [25] induced by the interaction anisotropy.
The NH( S 3 ) radical is a polar molecule with a large rotational constant that plays a key role in the chemical reactions involving the ammonia molecule, as well as in astrochemistry [26] [27] [28] [29] . NH was trapped magnetically in 2007 using the technique of 3 He buffer-gas cooling [28] . Subsequent experiments probed the radiative [29] and collisional properties of trapped NH molecules with helium isotopes [28, 30] and nitrogen atoms [31] below 1 K. Several theoretical studies focused on collision-induced transitions between the Zeeman levels of ground-state NH molecules
in NH-NH collisions and found that the Zeeman transitions occur more than 100 times slowly than elastic momentum transfer, indicating favorable prospects for evaporative cooling [11, 12] . However, the variation of scattering cross sections with the interaction potential and basis set size was not systematically explored in the previous work: [11] used a small channel basis set containing only 3 rotational states (the full convergence requires 8 rotational states [12] ), and our previous study [12] did not consider the effect of the PES uncertainty.
In this work, we carry out quantum scattering calculations of NH-NH collisions over a range of potential scaling parameters and collision energies for three different rotational basis sets to isolate the uncertainties originating from the PES from those due to basis set truncation. We find that calculations with different basis sets produce statistically different inelastic cross sections for highly accurate interaction PES (<2% uncertainty) for collision energies above 10 −3 cm −1 . For less accurate interaction potentials (or for collision energies below 10 −3 cm −1 ), calculations with different basis sets yield highly uncertain elastic and inelastic cross sections such that the results obtained for different N max are statistically indistinguishable. Surprisingly, in this regime the elastic-toinelastic ratios can still be predicted with a reasonable accuracy. We conclude that while unconverged calculations can be used as a basis for crude estimates of molecular collision properties in certain parameter regimes, basis set convergence is essential if accurate results are desired for a given interaction PES over a wide range of collision energies.
Theory and computational details
The theoretical method and computational methodology for NH-NH scattering calculations are the same as used in our previous work [12] . In brief, we use the coupled (the total angular momentum) body-fixed (BF) formulation first introduced for the atom-diatom scattering in [32] and later extended to the molecule-molecule scattering in [12] . The Hamiltonian for a non-reactive collision of two S 3 molecules A and B may be written in the following form [12, 32] m mf 
where R is the separation between the centers of mass of the molecules, μ is the reduced mass of the collision complex, the hat over the symbols is used to denote angular momentum operators and unit vectors, (q f , i i ) are the sets of angles which describe the orientation of the molecules with respect to the BF quantization axis z directed along the vector R. In equation
(ˆˆˆˆˆ) is the orbital angular momentum operator describing the rotational motion of the collision complex, Jˆis the total angular momentum operator, N î and S î are the rotational angular momentum and electronic spin operators, respectively, of the molecule i (A or B).
The Hamiltonian operators describing the separated molecules is given as
where B e is the rotational constant, g SR is the spin-rotation interaction constant [33] , l SS is the spin-spin interaction
of Sˆwith itself [34] . The space-fixed (SF) quantization axis Z is chosen to point along the direction of the magnetic field.
The operator describing the magnetic dipole-dipole interaction between the molecules is given by [37] where g s is the electron g-factor, α is the fine-structure constant and
[ˆˆ] ( ) is the spherical tensor product of S Â and S B [34] .
The interaction of two 15 NH molecules with electronic spins
gives rise to three PESs labeled by = S 0, 1 and 2, where = + S S S A Bˆˆ. As in our previous study of this system [12] , we assume that all three spin states of the 15 NH-15 NH complex are described by the nonreactive quintet surface, i.e.ff
, , , [35] . The expansion of the intermolecular interaction potential in equation (1) in angular basis functions can be found in [12, 32] . The BF basis set expansion is given by
, , 
J is a Wigner D-function describing the rotation of the collision complex in the SF frame [34] . To properly describe collisions of identical molecules, we use a symmetrized orthonormal BF basis constructed from the basis functions in equation (4) as described in [12] . The matrix elements of the scattering Hamiltonian in this basis are given in [12, 32] .
Three rotational basis sets with up to five rotational states
) for each molecule were considered in the present study. All basis states with  J 4 max are included in the scattering calculations. Scattering is studied at six representative collision energies of 10 j cm −1 , where = ------j 6, 5, 4, 3, 2, 1, and in the presence of a magnetic filed of 1000G (0.1T), the average value of the field experienced by the trapped NH molecules [28] [29] [30] [31] . We note that the cross sections for low-temperature moleculemolecule collisions can be very sensitive to the magnetic field [12] [13] [14] [15] . The system of close-coupled equations is solved numerically using the log-derivative method [36] , are not only extremely time-consuming [12] , they are also unnecessary as the main goal of this work is to explore the interplay between basis set convergence and the uncertainty of the interaction potential. We further note that the reason for slow numerical convergence of the expansion (4) with respect to N max is the strong anisotropy of the NH-NH interaction, which couples a large number of rotational states. In principle, the convergence can be accelerated by using adiabatic rotation basis sets, similar to those employed in the theory of ion-molecule collisions and chemical reactions [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] (see the appendix for more details).
The calculations were performed with the following values of the molecular constants parameterizing the Hamiltonian matrix: . The remaining parameters are the same as in our previous study [12] .
Results
To quantify the effect of PES uncertainty on scattering observables, we performed quantum dynamics calculations using two model interaction PESs, which we denote PES2 and PES5. The uncertainty is introduced by multiplying the original (unscaled) NH-NH PES of quintet symmetry [38] by a constant factor l Î 0.98, 1.02 [ ] (for PES2) and l Î 0.95, 1.05 [ ](for PES5) and averaging the resulting cross sections over the corresponding λ intervals to produce the mean values and standard deviations. Thus, PES2 can be thought of as 'more accurate' and PES5 as less accurate (or more uncertain).
We note that since the long-range part of the ab initio NH-NH PES is significantly more accurate [38] than its short-range part, scaling the PES by a constant parameter λ disregards the non-uniform distribution of the PES uncertainty. A more refined PES scaling procedure would consist of altering only the short-range part of the PES while keeping the long-range part unchanged. However, such a procedure would be more complicated, involving either R-dependent scaling parameters or modifying the global four-dimensional PES fit that has been carefully adjusted to reproduce the ab initio interaction energies [38] . ) and collision energies = -E 10 C 4 cm −1 and 0.1 cm −1 as a function of the scaling parameter λ. The elastic cross sections vary over 5 orders of magnitude as λ is changed between 0.9 and 1.1. This variation corresponds to scattering resonances, whose properties are determined by the crossings of the bound states of the NH-NH complex with the asymptotic free-molecule thresholds. These resonance features are similar to those observed before in quantum scattering calculations on NH-NH (albeit with a smaller basis set) [11] ) as well as other atom-molecule collisions and chemical reactions [39, 40] .
We observe that the variation of the elastic cross section with λ is more pronounced in the Wigner s-wave regime at = -E 10 C 4 cm −1 , where the inelastic cross sections assumes a universal E 1 C dependence on the collision energy E C . At = E 0.1 C cm −1 the cross sections vary much less strongly with λ due to the presence of > l 0 partial waves, which tend to average out the resonance effects. Thus, we expect that the same amount of PES uncertainty will have an increasingly large effect on scattering cross sections as the collision energy decreases.
Significantly, in the s-wave regime, the resonances in both the elastic and inelastic cross sections are significantly broader for = N 3 max than for = N 2 max . In the multiple partial-wave regime, the inelastic cross sections vary more strongly with lambda for = N 2 max than for = N 3 max . We conclude that the resonance widths, which determine the maximum and minimum values of the cross sections (and hence the error bars in figures 2 and 3) are sensitive to N max over most of the lambda range studied. Figure 2 shows the mean values and standard deviations of elastic and inelastic cross sections for NH-NH collisions calculated on PES2. The uncertainty in the elastic cross section increases dramatically as the collision energy falls below 10 −3 cm −1 for both = N 2 max and 3. In the Wigner swave regime, therefore, enlarging the basis set makes no significant difference: even though this modification changes the mean value of the cross sections, this change is well within the theoretical error bars. It would take a much more accurate PES (currently unattainable by any conceivable ab initio methodology) to reduce the λ error bars below the difference between the = N 2 max and 3 results. Above = -E 10 C 3 cm −1 the error bars of the data sets corresponding to different N max begin to overlap as the potential uncertainties become comparable to the variation of the cross sections with N max . Note that because N max can only change by finite increments, the basis set uncertainty has a discrete nature, whereas the potential uncertainty is continuous since our scaling parameter λ is real.
As shown in figure 2(b) , the uncertainty of the inelastic cross sections above = -E 10 The ratio of elastic to inelastic collision cross sections γ plotted in figure 2 is a commonly used figure of merit for sympathetic or evaporative cooling experiments in a magnetic trap; large values of g > 100 indicate that sympathetic cooling has a prospect of success [1, 11, 12] . max results remain statistically significant even when the PES uncertainty is taken into account. We conclude that in the absence of basis set convergence, even qualitative predictions of low-temperature NH-NH collision properties become unreliable above = -E 10 C 3 cm −1 . A different situation arises at ultralow collision energies, where all basis sets predict g  100, suggesting poor prospects for evaporative cooling at = B 0.1 T. Thus, in the swave regime, it is possible to make qualitatively accurate predictions of the magnitude of γ using restricted basis sets.
In order to further explore the interplay between basis set convergence and potential uncertainty, we have computed the value is significantly smaller, and similar to that computed for PES2 (see figure 2(a) ). Thus, basis set convergence matters even for the less accurate PES5, especially for the values of γ in the multiple partial wave regime. Overall, both the magnitudes and standard deviations of γ obtained on PES5 are similar to those obtained for PES2, which suggests that our conclusions regarding the importance of basis set convergence are robust with respect to increasing the PES uncertainty from 2% to 5%.
Summary and conclusions
We have analyzed the effects of basis set convergence versus PES uncertainty on the ultracold collisional properties of NH In the s-wave regime, the uncertainties of the calculated cross sections become extremely large and basis set convergence plays a less important role. This is particularly true for the ratios of elastic to inelastic cross sections (see figures 2(c) and 3(c)), for which we find g  100, independently of N max . The results shown in figures 2(c) and 3(c) demonstrate the existence of collision energy ranges
, where the values of γ are less sensitive to basis set convergence than the elastic and inelastic cross sections per se. The use of restricted basis sets in quantum scattering calculations may allow for substantial savings of computational effort; however, further work is needed to estimate the range of collision energies and magnetic fields over which such calculations have predictive power. 
Appendix. Adiabatic rotational state basis
As discussed in section 2, the reason for slow numerical convergence of scattering calculations using the spherical harmonics basis (4) is that the NH-NH interaction anisotropy couples a large number of rotational states. A similar problem occurs in the theory of cold ion-molecule collisions and reactions [16] [17] [18] , and can be solved by using the adiabatic rotation basis states [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] , which are the eigenfunctions of the system Hamiltonian without the radial kinetic energy (the first term on the right-hand side of equation (1)). By definition, the adiabatic states account for the alignment of molecular dipole moments induced by highly anisotropic intermolecular interactions, which leads to a dramatic reduction in the number of basis functions required to describe lowenergy collisions [16] . When the ground-state adiabatic potential is not well-separated in energy from the other potentials, non-adiabatic transitions between the different adiabatic states should be taken into account [17] .
To explore the applicability of the adiabatic rotation basis to describe cold NH-NH collisions in a magnetic field, we calculated the adiabatic potential energy curves as a function of R by diagonalizing the scattering Hamiltonian (1) without the radial kinetic energy term. higher in energy than the ground-state potentials, and hence are likely to be unimportant at the low collision energies considered in this work.
The adiabatic curves shown in figure 4 exhibit multiple avoided crossings at < R a 40 0 induced by the intermolecular anisotropic interactions and the intramolecular spin-spin interaction. Thus, even though the adiabatic potentials correlating with excited rotational thresholds are well-separated in energy from the ground-state potentials, the adiabatic approximation does not hold for collisions of NH molecules in their maximally spin-stretched states. The non-adiabatic transitions can be taken into account using either LandauZener theory or semiclassical techniques [17] . 
